JOURNAL OF APPROXIMATION THEORY 19, 143-147 (1977)

Monotone Quadratic Spline Interpolation

ErL1 Passow

Mathematics Department, Temple University, Philadelphia, Pennsylvania 19122
Communicated by R. Bojanic

Received September 17, 1975

1. INTRODUCTION

Let X ={x}, Y ={y}, —o0 <i<oo;x;; <x;and y,_; <y;foralli
Let S, = S,(X) be the set of splines of degree n, having knots at x,,
—00 < [ < o0; 1.e., each fe S, coincides with a polynomial of degree <n
on (x;.1, X;), —o0 < i < 0, and fe C*1. The problem of monotone spline
interpolation is: What additional conditions on the sequences X and Y will
guarantee the existence of an increasing feS, satisfying f{x;) = v;,
—o0 < i< a?

The similarity in character of this problem to that of cardinal spline
interpolation, as studied by Schoenberg [1, 2], is apparent by considering
the following typical example of the latter [2}: Let F, = {F(x): F{x)e
C(— 00, 00), F(x) = 0(] x |%) as x — -+ c0}. What conditions on Y will guarantee
the existence of a function fe S, N F,, satisfying f({) = y,, —o0 < i < w0?
(Note that in this case the interpolation nodes are the integers, while we
consider more general nodes.)

The problem of monotone spline interpolation is irivial for S, (piecewise
linear functions), so we turn our attention to quadratic splines. We obtain
sufficient conditions for the existence of an increasing quadratic spline
interpolant; we also consider the problem of convex interpolation.

2. THE MAIN RESULTS
Let s; = (y; — ye)/(xs — X;—y), —00 < i <C 00,

THEOREM 1. Suppose y;, — y,4 >0, s, — 5,4 > O for all i. Then there
exists a unigue increasing function f€ Sy, such that f(x,} = y; for all i. If,
in addition, s; — 2s; 4 -+ 8;_5 == 0 for all i, then f is convex.

Remark. WNote that the conditions s; — s;_; > 0 imply that the data are
convex, in the sense that the slopes increase from left to right. The additional
conditions, s; — 25, 4 + 85,5 == 0, guarantee that f is also convex.
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Proof. The proof is based on the fact that if f(x) = ax® -} bx - chas a
nonnegative derivative at « and at 8 > «, then fis nondecreasing on [«, S].

Since {s;} is a monotone and nonnegative sequence, there exists y = 0
such that lim,,._,, 5, = y. Assume, initially, that y = 0.

Let f reduce to p, on [x,_,,x,], where p,(x) = a,x* + b,x -+ ¢,,
—o0 < 1 < . Then p; must satisfy:

p(xg) = xg%ay + Xoby + €5 = Py, (1)
pi(x) = X% + by + o =y, 2)
Pi' (%) = 2xeay + by 2 0, 3
P () = 2x0y + by = 0. )

Eliminating ¢; from (1) and (2), we obtain b, = s; — (xy + x;) @; . Sub-
stituting in (3) and (4), we obtain two conditions that ¢, must satisfy,

—51/(%1 — Xo) < a; < 5/(x1 — Xo). Q)

For n > 1, p,, must satisfy:

pn(xn—l) = xi——laﬂ + xn—lbn + Cn = Yny (6)
pn(-xn) = xnzan + xnbn + Cn = Yu, (7)
pnl(xn—l) = 2xn—lan + bn = 2-sz—la'n»l + bn—l = p;—l(xn—1)3 (8)
Pn(¥n) = 2%y + by = 0. €)
From (6), (7), and (8) we obtain
1
ap = = x) [Sn — (2Xp 48n1 + br D],
. (10)
bn = m [(xn + xn—ul)(zxn;lan—l -+ bn—l) '— 2xn—lsn]-
Thus,
2xnan + bn = 2Sn - (zxn—lan—l + bn—l)- (11)

Using (11) recursively, we obtain
2xnan + bn = 2(Sn — Spa + (___l)n S2)
+ (=D sy A+ (=D — xp) @y . (12)

Let ap =y =57 and oy = 2(sp — Spq -+ = A+ (=D 5) + (=D sy,
n = 2,3,.... Then, by (5), (9), and (12), @; must satisfy
(13)

ay < ay/(xy — X)), n even,
=

21 — /(%3 — Xo), n odd.
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Note that o, = ap g + 2(5p — Sp_yg) = Oy . Thus 0 < o < o < - and
0 <oy <og<v. Hence, ' < —op << —oy <O <oy Ky < oy 50
that there certainly exists a, satisfying (13).

Forn < 1, p, must satisfy:

pn(xnvl) = Xi—lan + xnflbn + Cn = Ypoio {\14}
pn(xn) = xnzan + ann + Cn = YVn s <15>
pn/(xn) = 2xnan + bn = 2xnan+1 + bn+1 = p;LJrl(xn)» (16)
pnl(x'n—l) = 2xn*lafrz —+ bn = 0. {117}'
From (14), (15), and (16), we obtain
1
dy = 70— [(2xnan+1 -+ bn+1) — S'n}

(xn ——1 xn-l) {18)

bn = [zxnsn - (xn + xn—l)(zxnan+l - bn%—l)j‘

(xn - xn—l)
Thus,
2Xp 1@y + by = 25, — (2%, 803 + Pnya)- (19)

We now use (19) recursively to obtain

2%y 4Gy + by = 2(8y — Spyq + 0 = (1) 5)
+ (=D sy b (= D™xy — Xe) ay 20

Let B, = 2(5, — Spy1 + - -+ (=1 58p) + (D" sy, n =0, —~1, —2....
Then, by (17) and (20), a; must also satisfy

ay < Baf(xy — xg), n odd,
1 /8/ 1 0. (2})

ay = —Ba/(x; — x),  neven.

From the hypotheses of the theorem, 2 Y5, (—1)* s_; converges to a non-
negative number, 1. Let

a; = (51 — DXy — Xp)- (22

Thens; — 1 > —s,,since2s; —t =235 (—1¥tls , > 0. Thus —;, =
—5 < (x; — Xy &y < 5y = oy, s0 that inequalities (13) are satisfied. Also,

(ty — Xg) @y = 53 — 208 — S_q + 0 F Sap) + 2Soneg — Sppep + )
= —Bon + 2ASen—1 — San—z + N (23)

and, similarly,

(%1 — Xo) @ = Ponss — 2S2n — Spamy + ) (24)
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Hence, inequalities (21) are also satisfied, so that conditions (1)-(4), (6)~(9)
and (14)~(17) can be fulfilled, and thus a monotone interpolating quadratic
spline exists.

To prove uniqueness, notice that im,, . o —fs, = M, o Pongs = 84 — 1.
Since @, must satisfy (21) for all », the choice @, = (s, — )/(x; — x,) is the
only one possible.

Suppose now thats; — 2s,_; + 5,5 = 0foralli. From (10), (11), (18), (19),
and (22), we obtaina,, = 5, — 28, 4 + 28,5 — 25,3 + = (s, — 25, ¢ +
Su—s) + {Sp—s — 28,_s + Su_g) + . Since each term in parentheses is 220,
we have that g, > 0 for all n. Hence f'is convex, and the theorem is proved
in the case y = 0.

Now supposey > 0. Letg(x) = yxand 7; = y; — g(x,). Then p; — ¥, =
(¥; = Pima) — Y(X: — Xs1) > Osinces; > y. Also,§; — 5,y = 85, — 85,4 >0
and lim,,_,_, §, = 0, so that we can apply the first part of the theorem. Let
feS, be the monotone interpolant for the data (x;, 7). Then f(x) =
f(x) -+ yx is a monotone interpolant for the data (x,,y,), and feS,.
Moreover, if f is convex, then so is f.

Remark. The conditions §; —s,_, > 0 are not necessary. Indeed, other
sufficient conditions are D s; — 5,4 < 0 for all /. But the theorem may
hold without either of these conditions. For example, let s, = 1 for
n<l,s,=2 8 =4 and 5, =3 for n > 4. Then the data are neither
convex nor concave, but (13) and (21) will be satisfied if —1 <
(x1 — %) &, << 1. On the other hand, if 5, =1, s, =4, 53 = 2, then the
data are neither convex nor concave, and (13) cannot be satisfied.

If we consider finite interpolation, at nodes {x,}%, or semi-infinite inter-
polation, at nodes {x;}, then the interpolating spline will no longer be
unique, since a, need only satisfy inequalities (13), which are implied by
inequalities (5). Thus any value of g, satisfying (5) will yield a monotone
interpolating quadratic spline. If we specify the value of f'(x,), then f
will be unique. However, we do not have complete freedom in the choice

of f'(Xo)-

THEOREM 2. Suppose y; —y; 4 >0, i==1,2,., and s; —5;_1 >0,
i==23,.... Let y, satisfy 0 <y, <<2s,. Then there exists a unique
monotone function f € S, , such that f(x;) = y;,i =0,1,2,..,and f'(x;) = y, .
Furthermore, if 0 < yy <&, Vo =28 — 8y, and s; —28; 1 + 5,520,
i =3,4,5,.., then f is convex.

Proof. ['(xg) = pi/(x5) = 2xqa, + by =53 — (%, — %) @, . Since —s; <
(xy —xg) @y < 51, by (5), we have that 0 < p,'(xy) < 2sy. Thus, if
0 <y, <28 ,andifweleta, = (5, — yo)/(% — X,), then f will be uniquely
defined and will satisfy f'(xg) = /. If 0 <<y, <3, then o, = 0. Also,
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from (10), @, = (1/(xs — xp))(s2 — 51 — (1 — X)) Since (x; — Xo) @y =
5y — ¥y, ap will be =0 if y,” = 2s; — 5, . Again, from (10},

R S
(xn - xn—l)

+ (=D x; — x0) @), for n>=3.

gy —

(S — 284 + -+ (—1)" 285 - (—1tr sy

Hence, if s, — 25,y + 5,5 >0,1=23,4,5,..., thena, =0 for n == 3, so
that f'is convex.
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